ABSTRACT A bond graph model of a three-time scale system is presented. The original system is decomposed into 'slow', 'fast 1' and 'fast 2' (faster than fast 1) subsystems. Reduced models that determine the quasisteady state model are obtained. By removing the fast dynamics assigning a derivative causality and maintaining an integral causality assignment, reduced models are obtained. This reduction is done in two parts: …rst removing the fast 2 dynamics and then fast 1 dynamics. Finally, the proposed methodology is applied to an example.
Introduction
Singularly perturbed dynamic systems are characterized by a small parameter multiplying the derivative of some state vector components. These components behave as "fast" variables compared to the other "slow" variables of the system exhibiting the phenomenon of time-scale separation. If this parameter becomes zero the order of the dynamic system is reduced [1] . There many references of the singular perturbation and timescale methods, some of the most important are [2, 3] .
There are various types of problems or systems often discussed in the theory of singular pertubations and time scales; some of these problems are: (1) Initial-value problems; (2) Boundary-value problems; (3) Two-time-scale systems; (4) Discrete time systems; (5) Open-loop optimal control problems; (6) Classical control problems; (7) Time-delay systems; (8) Observers; (9) High-gain feedback systems; (10) Variable-structure systems; (11) Multimodelling; (12) Stochastic systems [3] . Also, singular perturbations arise in a natural way in many …elds of applied mathematics, engineering and biological sciences such as ‡uid dynamics, electrical and electronic circuits and systems, electrical power systems, aerospace systems, nuclear reactors, biology and ecology. In [4] the singular perturbation thoery is extended to systems with several small parameters which can change the system order. Linear simulation results in two-and fourtime-scales demonstrate the potential applibility of the singular perturbation approach to long-term dynamic studies of power systems is described in [5] .
Bond graph modelling is widely used nowadays, new methodologies for structural analysis and model reduction [6, 7] and a number of software packages using bond graphs have been developed [8] . Some papers analyzing systems with singular perturbation in a bond graph approach are cited: In [7] it is described how the bond graph model is helpful tool for systems analysis in the special case of simplifying the modelling of two time scale systems. In [9] the notion of a reciprocal system is applied to singularly perturbed systems of obtaining more accuracy on the fast time scale. The direct determination of the quasi-steady state model in a bond graph approach is presented in [10] . In [11] gives a model reduction procedure that uses information from the physical domain; the proposed decomposition and model reduction procedures are implemented on the model, providing a better perception of the physical model reduction. A method for obtaining approximate bond graph models for LTI MIMO systems with singular perturbations is presented in [12] . A bond graph model for a closed loop LTI system with singular perturbations is presented in [13] .
In this paper, a bond graph model of a three-time scale system is proposed. By knowing the slow and fast dynamics, two lemmas to get reduced models are presented. Firstly, the system with singular perturbations contains slow dynamics and two sets of fast dynamics (fast 1 and fast 2 or faster than fast 1); then Lemma 1 proposes the quasi-steady state models for slow and fast 1 dynamics. The quasi-steady state model of the slow dynamics removing the remnant fast dynamics is presented in Lemma 2. The key of the proposed lemmas is to assign a derivative causality to the storage elements of the fast dynamics in order to remove these dynamics and maintaining an integral causality assignment to the storage elements for the slow dynamics.
The main contribution of this paper is to generalize of the published paper [10] . Many systems can have the multi-time-scale property and it is necessary to know the performance of each time scale. In addition, it is not possible to reduce to a two-time-scale models because some dynamics would be neglected.
Section 2 describes the traditional approach for systems with singular perturbations. A bond graph model and its junction structure for three-time scale system is proposed in section 3. In section 4, two lemmas to get the quasi-steady state models are presented. The proposed methodology is applied to an example in section 5 Finally, section 6 gives our conclusions.
The Standard Singular Perturbation Model
Consider a system consisting of one slow and two fast subsystems described in state-space form by the set of equations 2 6 4
Supposing A 33 to be nonsigular and by setting " 2 = 0, f
where
the simpli…ed system associated with (1) and (2) as follows 2
The quasi-steady state model is obtained by appliying " 1 = 0 given by
and the output is
This traditional approach has been described in [15] . The synchronous and induction machines represent interesting examples of systems with three times scale where the typical windings and damper windings are the fast and fastest dynamics, respectively and the slow dynamics is de…ned by the mechanical subsystem.
A bond graph model of a singularly perturbed system is proposed in the next section.
Modeling in Bond Graph for Systems with Singular Perturbations
Consider the scheme of Fig. 1 corresponding to a bond graph model with an Integral causality assignment (BGI) of a three-time scale system. The system is decomposed into "slow", "fast 1" and "fast 2" (faster than fast 1 or the fastest dynamics) subsystems. In Fig. 1 , (M S e ; M S f ) (C; I) and (R) denote the source, energy storage and the energy dissipation …elds, (D) the detector and (0; 1; T F; GY ) is the junction structure with transformers, T F and gyrators, GY .
The state x 1 (t) 2 < n1 is composed of energy variables p (t) and q (t) associated with I and C elements, respectively for slow dynamics; x 2 (t) 2 < n2 and x 3 (t) 2 < n3 represent I and C elements for fast dynamics; z 1 (t), z 2 (t) and z 3 (t) are the coenergy vectors for slow and fast dynamics, respectively; u (t) 2 < p denotes the plant input, y (t) 2 < q the plant output; and D in (t) 2 < r and D out (t) 2 < r are a mixture of e (t) and f (t) determining the energy exchanges between the dissipation elements and th junction structure. The constitutive relations of the storage elements are
and for the dissipation …eld is
The junction strurure of the system is given by 2 6 6 6 6 6 4 (28) The entries of the S matrix take values inside the set f0; 1; k t ; k g g, where k t and k g are transformer and gyrator modules.
The state equation of a system with singular perturbations given by (1) and (2) can be determined using a bond graph approach where the matrices are 
The fast and slow dynamics of a bond graph model can be estimated by determination of causal loops gains; this is particularly important for systems of high order where the bond graph methodology gives an easy and direct tool to know the dynamics of a system.
Reduced models by manipulating the causality of the storage elements is proposed in the next section.
4 The quasi-steady state models in the physical domain Fig. 2 shows a bond graph model called Singularly Perturbed Bond Graph (SPBG 1 ) that permits to remove the fastest dynamics of the system. In this case, the storage elements of the fast 2 (fastest) dynamics have a derivative causality assignment and storage elements of the fast 1 and slow dynamics maintain an integral causality assignment. The junction structure of Fig. 2 and its corresponding mathematical model are decribed by the following lemma.
Lemma 1.Consider a system with singular perturbations represented by a bond graph whose storage elements of the slow and fast dynamics have an integral causality assignment and a derivative causality to the fastest dynamics is assigned, the scheme in block diagrams is shown in Fig. 2 
A representation of the complete system that determines the quasi-steady state models of the slow and fast dynamics when the fastest dynamics have converged is described by 2 
whose output is 
removing with f x 3 = 0 and substituting (62), (63) and (64) into (69), (61) is proved.
By doing f x 3 = 0 into the third line (1)
comparing (48) and (70) with (4), (5) and (6), the third line of (48) are the algebraic equations when the fastest dynamics have converged. Substituting (70) into the …rst and second lines of (1) and from (8) to (13) then the quasi-steady state models.by using the second and third lines of (48) are determined.
A set of fast dynamics according to (48) is remaining. Hence, a scheme to obtain the …nal quasisteady state model is shown in Fig. 3 . The following lemma permits to obtain the junction structure and the mathematical model removing all the fast dynamics. Fig. 3 . SPBG 2 of the system. Lemma 2. Consider a singularly perturbed system represented by a bond where all the storage elements of the fast dynamics have a derivative causality assignment and the storage elements of the slow dynamics have an integral causality assignment according to the scheme of Fig. 3 
and the corresponding output is
Proof. From the second line of (7) with " 1 = 0
and substituting (83) into the …rst line (7) with (19) and (20), (18) is proved. Also, taking (83) into (14) with (22) and (23), (21) is proved. In a bond graph approach, from the fourth line of (71) with (72) we have
substituting (84) into the …rst three lines of (71) 
by doing x 2 = 0 and x 3 = 0 into (86) with (77), (78), (79), (24) and (25) the real roots of these dynamics are obtained and (76) is proved. From (24), (74), (75), (85) removing x 2 and x 3 , (73) is proved.
From (84) and the …fth line of (71) we obtain y = R 
by removing x 2 and x 3 of (88) with (81) and (82), (80) is proved.
Example
Consider a DC motor connected a electrical network to the armature circuit and the mechanical section is connected to a spring and a damper. Fig. 4 shows a scheme of the proposed example. In practically all well designed dc motors, the armature inductance, L a is small and the capacitor C 2 have small value too; the inertia, J and the spring k e are slow dynamics and the capacitor C 1 is designed to be the fastest dynamic. The corresponding BGI of the DC motor is shown in Fig. 5 where the order of each dynamic is: n 1 = 2 ; n 2 = 2 and n 3 = 1; the order of the system is: n = n 1 + n 2 + n 3 = 5. The key vectors for the slow dynamics of the BGI are
with its constitutive relation
for the fast dynamics
where the constitutive relation is
and for the fastest dynamic x 3 = q 4 ; x 3 = f 4 ; z 3 = e 4 with
The key vectors of the dissipation elements are D in = e 2 e 6 f 10 f 14 e 17 T and D out = f 2 f 6 e 10 e 14 f 17 T , the constitutive relation
with the input u = e 1 :
The junction structure of the BGI is given by From the junction structure (93) with the constitutive relations of the elements, the state space representation of the system with singular perturbations given by (1) can be obtained. However, in order to get reduced models, the bond graph approach is used. First, the storage element of the fastest dynamic assigning the derivative causality and mainting integral causality to the storage elements of the slow dynamics is removed, which is shown in Fig. 7 . 
and the junction structure is given by From the third line of (48), (55), (56), (59), (60), (89), (90), (91), (94) and (95), the real roots of the algebraic equations are de…ned by
and substituting (89), (90), (91), (94) and (95) into (49), (50), (52), (53), (57) and (58) with the second and third lines of (48), the quasi-steady state models are
The simulation results of the reduced models removing the fastest dynamic are shown in Fig. 8 . However, the quasi-steady state models given by (96) and (97) maintain a set of fast dynamics, which can be removed by using Lemma 2. Hence, by assigning a derivative causality to the storage elements C : C 2 and I : L a that represent the remnant fast dynamics and maintaining integral causality of the storage elements for the slow dynamics, the quasi-steady state model for the slow dynamics which is shown in Fig. 9 ; can be obtained. (98) and (99), the real roots of the slow dynamics are The performance of the slow dynamics removing all the fast dynamics are shown in Fig. 10 . Fig. 10 shows that the dynamic behavior is very similar respect to the complete system represented by BGI. However, the order of the most reduced model is two and the order of the complete system is …ve. Thus, the analysis and synthesis of the most reduced model is easier and direct.
Conclusions
The modelling in bond graph for system with threetime scale has been presented. Two lemmas to determine the quasi-steady state models removing in two parts the corresponding fast dynamics were presented. The key of these lemmas is to assign a derivative causality to the storage elements of the fast dynamics and maintaining integral causality of the storage elements of the slow dynamics. An illustrative example was used to apply the proposed methodology and simulation results were obtained.
